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Generalized conditions for heat transfer of a body through a thin coating are formulated with account for 
the coating curvature. 

Coated materials are used extensively as structural elements in various areas of modern technology where 

new high-strength materials capable of operating in corrosive media at elevated temperatures and pressures are 
needed. It turns out that some materials that do not have these capabilities start to meet these demands after being 
covered with a thin layer of special coating. 

Generalized boundary conditions of heat transfer for bodies with thin coatings and generalized conditions 
of nonideal thermal contact between dissimilar solids were formulated in [1-4 ] without account for the curvature 
of the middle surface of an intermediate layer. 

Let us formulate the generalized boundary conditions of heat transfer for bodies with thin coatings with 
account for the curvature of the middle surface of the coating. 

Suppose a body is covered with a thin layer of a different material. There are generalized conditions of 

ideal thermal contact between the body and the coating, whereas heat transfer on the coating-medium boundary 
follows the generalized Newton law. 

In this case, to determine the temperature field in the considered piecewise homogeneous body referred to 

the system of curvilinear orthogonal coordinates (a, r ,  7), we have the equation of generalized heat conduction [5, 
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generalized conditions of ideal contact I6 ] 
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z~ O) )0 / '0(~,  r) d~'=@--~ J'o T I (~ ,  r) d~ at 7 = - 5 ,  

= li (cit i _ Wi), (1) 

(2) 

the generalized boundary condition 

Oto ao (3) 
+~o lO (tO- tm) = 0  at 7 =  + d  

and the initial conditions 

t O=t(O 0), t O = O ,  t l = t ~  0), t 1 = 0  at T = 0 ,  (4) 
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where 

__(i) O ( ~  Oti Oti 
l i = 1 + -% ~- ,  ~o i (~, v) = exp --~, t i = - ~ ,  i = O, 1. 

For determining the temperature field of the coating, we have a heat conduction equation that is referred 
to the mixed system of coordinates (a, t ,  y) and that after certain simplifications [6 ] takes the form 

O2to % Wo 
OY 2 + 2k w + pztO = - 10 ~o ' 

(s) 

where 

2 Co ~ 1 [ O ( B  O ) 0Ofl(A + ) ]  
P = A - ~ o l o  , a = ~ - 5 - b - g  ~ -  + ~ �9 

The temperature of the coating satisfies relations (2) and conditions (3) and (4). 
By averaging Eq. (5) in conformity with the integral characteristics of the temperature 

7" = tod~, - rtodr 
- 262 _ ' 

(6) 

we correspondingly obtain 

Aop2T + ,,!. 0 
-] 

+ -] I 
+ -To 

+ 6/d o (t o + ti) - 12k20T = _ loW*o, (7) 

where 

26 + 
AO=22O6; r o = ~ o ;  t o = t o l r = + a ;  h = t o l r = - a ;  

= ; W o =  wod7; W * o =  woYdY. --# --# ~=+_~ - _ 

Using an operational method, we write the general solution of Eq. (5) in the form 

t o = exp (-/,3') 
Ecos py + F sin ~r/ loQo] (oolo)  + j 

- k + --20-- 0 sin 2N + ~ cos 2N )lo p2 

(8) 

where 

E = (~ cos ~5 - k sin ~ )  t 1 exp ( -  k6) + 
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~do + -X0-- 0 (exp (k6) t m + exp ( -  k6) tl) sin ~6 - lOq01 
20p 2 

; F = ( k c o s ~ 6 +  

ado 
+ ~ sin ~6) t 1 exp ( -  kcS) + - ~ 0  (exp (k6) t m - exp ( -  k6) tl) cos -156 - l~176 

2 s  ' 

(~_~) + %10 
qO1 = PQo cos ~6 + sin ~6 + ~ (Qo + Qo) sin ~6 ; 

( ~ ) + aolo 
%2 = P e o  sin ,~3 + cos ~6 + ~ (Qo - e o )  cos ~6 ; 

+ 

Q o = P  f s i n ~ ( ~ - y )  w 0 ( ~ ,  r) d~;  = 
o y=+_6 

Qo = eol~=+_~; p~ = f l  _ ~2. 

Substituting Eq. (8) into Eq. (6), we find 

T = 
E (k cos if6 sh k3 + ~ sin ~6 ch k6) - F (k sin ~6 ch k6 - ~ cos fig sh k6) + _ _  

aolo ) ] 
6 (k 2 + p2) - k + - ~ o  sin 2~6 + ~ cos 2~d 

log 
;top 2 

(9) 

where 

T * =  3 E E * -  FF* + loQo 

3 2 (k 2 + p2)  -- k + ~ sin 2~6 + ~ cos 2~6 

k 2 _ p2 
- - -  cos ~6 sh k6 - -fig sh k6 sin ~6 + E * =  k 6 c o s f i 6 c h k 6  + k Z + p 2  

+ 2kfi s i n f i g c h k 3 ;  
k 2 + p2 

F* = - k6 sin ~6 sh k6 + - -  
k 2 _ p2 

k 2 + p2 
sin ~d ch k6 + ~ 3 c o s ~ 6 c h  k6 - 

2k~ cos ~ig sh k6 ; 
k 2 + p2 

1 a ~* 3 a 
- Qo+; Qo = 7 1  .-6 

We now incorporate into relations (7) the second condition (2) and expressions (9) and in the resulting 

relation we let 6 go to zero, keeping unchanged the thermal conductivity Ao = 22o6, the heat capacity Co = 2/o6, 

the internal resistance of the coating ro -- 26/20, the products Aor 0, Coro, and Wo, I~o. As a result, we arrive at 

the following generalized condition of heat transfer through a thin coating: 
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21 [T~ 0) 02tl 
2hv~l----S Oydr + 

+ ot 1 ~i> )o exp Ot 1 
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where W0 = WO- 1~o 3 ; r o = l / h "  

The following are some particular cases of condition (i0). 
1. Suppose r~ 0) ~ 0, r (1) # 0. Then we obtain the condition: 

-Ill+ a o + 2k2 o 
2h 

21 

i lo,, .] 
x f exp - -~de  + a  0 

0 

a~ 21 ) exp -~- l + - -  h- r ( -~o 

[/ = C O 1 + 2h ~ + 

( ~o) 
1 + - ~ - -  ( t  m --  t l )  - -  

21 Ot 1 
+ 2hr~l---'--~ d7 

2. But if r (0) ~ 0, 7: (1) ~ O, we have 

~l~ )o exp .1)] ~-d$ +Wo. 

[ (  aol~176 21lo0tl 1 
A0A 1 + 2h tl + 2---h--~- + 

o,1 
+ 0~0l 0 1 "t- - -~  (tm -- tl) -- 1 + 2tllo-" ~- --- 

.+.oo)o.. _ 
= Col o 1 + 2h -~- + 2h OyO-----~ + loWo" 

3. For the classical case (r (0) -~ 0, r (1) ~ 0), we obtain the relationship 

(10) 

(11) 

(12) 

1254 



AoA i + 2h " ti + ~ - - @ - j  + a o  1 + ~  (t m -  t 1 ) -  

- -  ~ 1  1 + -h- &-- = Co 1 + 2h ~ + 2--h 0~0-----T + W  o , 

which is given in [7 ] for k = 0 and w 0 = 0. 
4. For metals (T (0) = vO)), we have 

(13) 

Ao [t 
+ aol o ( 1 + 

1 + 2h q +2-h + 

(tm - tl) - 21 1 + ---if- ~ -  = 

aolo+21do)Otl  ~1 02/1] - -  (14) 
I + 2h - ~  + 2---h o3"0----~ + loWo" 

If we neglect the products A0r0 and Coro in conditions (11)-(14), we obtain simpler conditions. In 
particular, relations (10) and (13) can be represented as 

AoAt 1 + a o l  o 1 + (t m -  tl) - 1 + T ~ ~ + 

= Cdo-57  + lowo, (15) 

AoAt 1 + a  0 1 + (t m -  t l ) - ~ t  1 1 +-h-  ~ =  C 0 - ~  + W0" (16) 

We have formulated the complicated boundary conditions (10)-(16) for heat transfer through a thin coating 

that is characterized by the above thermophysical parameters. We have managed to exclude from consideration the 

region occupied by the coating. Its effect is taken into account by complicated boundary conditions involving first- 

and second-order time and space derivatives. 

N O T A T I O N  

ti, wi, r~ i) (i = 0, 1), temperature, density of heat sources, and time of the heat flux relaxation of the coating 

and the main material; 2i, ci, thermal conductivity and volume heat capacity of the coating and the main material, 

respectively; ao, coefficient of heat transfer from the surface V = +8; tin, temperature of the medium flowing past 
this surface; z, time; h, thermal conductivity of the coating; k, curvature of the midddle surface of the coating; 26, 

coating thickness; HI, H2, H3, Lama coefficients; A, B, coefficients of the first quadratic form of the middle surface 

of the coating; Wo, I~0, density of heat sources and density of the "moments" of heat sources per unit area of the 
middle plane of the coating, which characterize the nonuniform distribution of sources over the coating thickness. 
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